Lecture 14 - Simulated Annealing & Al for COP
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Input layer 1st hidden layer 2nd hidden layer o (L — 1)-th hidden layer Output layer
(1st layer) (2nd layer) (3rd layer) (L-th layer)  ((L + 1)-th layer)
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HERLERI AL

o R TREE

o+t = o) — nk—Zsz(f(azz, o)), y:)

=1

o RIEMEIBEE
BEEARBCkSHENXEN, RIHESESHNHE.
o BBEHLAE TFEE&Mini-batch#h B T &%

ok+l) — gk) _ mVewZL(f(zi,© ol ))’yi)

O+ = 00 — 3™ Vo Z(f (i, 6M), 91
i€eB

He$BcC{1,2,...,N}, B:=|B|<N.
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AREZFIFENMS

o MR SRR ;
o ImEIRAIREST;
o JZILRETT;

o KMEHITIHE(GPU).
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Al 5 Al for Science

Al for Science

THE NOBEL PRIZE
IN CHEMISTRY 2024

Demis
Hassabis Jumper
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Al 5 Al for Science

Al for Science
o EHRE: ERRLEMTN,. EQRGEESAMNTUN,. EHRIEIT...
o WEMB: NFRR. HIMRIAM., UESTFIRIT. HFEIHFEFER. .
o MR EFTHRRAGEDSE ...
o EF: HYNLIt..

o HF: WM AIERER. ASMUKE..

1Zhang X, Wang L, Helwig J, et al. Artificial intelligence for science in quantum, atomistic,

and continuum systems[J]. arXiv preprint arXiv:2307.08423, 2023:
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Al for COP?

ZH &L 1LiBIRE (Combinatorial Optimization Problem, COP)2IF&E EZE /0]
RGEKRWBAEBREZL., EWNEZE BAREE. ) FEUTERMY:

o HHERES: HAMKRBBERNPYER, FEERHELERIBEINRE
AR R B 2R RIEK, HASEPREA .

o EURGIHKRFAN: ALTEAXSUg Rk EE, BHLUZHEIT
[=] 5] @R SL 5.

o BNMAE: EFMARPLRFMHEIRRBATREREREEN, F5EE
FEREEIKME, WRET.

2Guo T D, Li A Q, Han C Y. Machine learning method for combinatorial optimization

problems (in Chinese). Sci Sin Math, 2025, 55: 1-30, doi: 10.1360/SSM-2024-0180
10/33



Q EHURA

11/33



RHLR A B A
BIBiBoltzmann4 %5 /GibbsTEE, ZE—AN N METEMMRG S, 4RGL
TR T B, HTERER E RS THBE P T ARAE:

—BE;

Z

p="°
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RHLR A B A

ZRERNIE, T — OHY,

g
=

= lim b (7
T30 3 i s €XP (722 ) + s, €xp (=g pmn)

. ma i € Smin
Oa v ¢ Smin

lim P (

T—0 ZiES exp

. E;
fimy o= i 7 o0 (-7
E;—Emnin E

Bigpmin)

B By, = minies iy, Smin = {i : E; = Enin}. X3P, FEEREREK, R
FeETaEEHmERESHE.
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RHLR A B A

RHLR A (Simulated Annealing)@—FMEILEE, EREXREER: BHELHNE
REY f HIERYEPEERY, RERFRA, BT -0, X5 f 2/
&=/ME.

BLRACBIBEELR T : 2RfEIKA$EBoltzmann 5370

EHUR K E AR RIE S B & B/ MES.

RIUR N E AT LUK RE S L [e) R

3Holley R A, Kusuoka S, Stroock D W. Asymptotics of the spectral gap with applications to

the theory of simulated annealing[J]. J. Funct. Anal, 1989, 83(2)::333-347.
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ETFRAMRES IRBEQUBOMIE A

Quadratic Unconstrained Binary Optimization (QUBO)

X 1 (Quadratic Unconstrained Binary Optimization)
QUBO [EREFE X 3
min 27 Qz
st. xelS
$eh S — N2 5T (binary JEERERIEN0, 1) & (1,1}, Q € R Hy— Atk
TR

QUBOR—HIFET ZIE, REBEZRBMLBI: ZIIRIRIEE, HE
ERR, mARERE, RAMIZKE, mAFIEE, ERAEM. £a%50
R AREEE, ..

4Kochenberger G, Hao J K, Glover F, et al. The unconstrained binary quadratic programming
problem: a survey[J]. Journal of combinatorial optimization, 2014, 28: 58-81.
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ETFRAMRES IRBEQUBOMIE A

QUBO 5 Ising 1&84°

WA MRF, BMRFRBRE(spin) 0; = —13(E1, AAnMRFRIBHEHERRK
— RS /IR7S (configuration) o = (0y), IBHIBIZSE] S = {+1,-1}",

EX 2 (IsingfREY)
MR ZS[8)S B XA T HIRE= 6B 3 /MG 500 = (energy function/Hamiltonian):
— Z JijO'iO'j —hZO'i
i1E%B i

ﬁ(%/singﬁﬂ, E':F'Jm%mﬁﬂfﬁﬁgifﬁ, h%ﬂ‘iﬁifﬁ, _Zijﬁ’%ﬂ JijO'iO'j%%T.l_?
HEeBIE =3t LB EAFA X REBRITIRR, —h >, o RIRIMATHRAVEE

Ising 1RBVIBEE R E (0)F QUBO ML B#RSf (z) = 27 Q2 —H K.

5Lucas A. Ising formulations of many NP problems[J]. Frontiers in physics,-2014; 2: 5.
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ETFRAMRES IRBEQUBOMIE A

QUBO 5 Ising 1&8Y

EIFLR N FF5%, HFEITPIBRFAT &, KT 9% RMBoltzmann-Gibbs4y
i

e~ BE(a)

Z
MRS FERSHETATRERIKORS, MUARNMPRELRE, K
RRAEBEERBE (o)L TH/ME, BAREE QUBO 5 Ising IEBIMX R, It
TR K#EZE A QUBO [EIREAYAR .

£

p(07 ﬁ) =

o—BF(@) o—827Qx
lim p(z,[) = lim lim

B RCRAES R BN AR EQUBOIE)RE . ©

p(z)

6Sun H, Goshvadi K, Nova A, et al. Revisiting sampling for combinatorial

optimization[C]//International Conference on Machine Learning. PMLR; 2023: 32859-32874.
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ETFRAMRES IRBEQUBOMIE A

ETIRAKAEQUBO

EFBASERB QUBO BEEWAM p(z, f) = <70 % hRiMEE. &
EEERRE S STTUS RS-

o ZHFFEERERM, BHIZAMCMC (online method)’;

o BRING—NREZFIRE ¢o(z, 8) KM p(x, 5), RERAE
Blgo(x, B)MHHAEA (offline training + online inference)

BAMETRXIEE LT A

7Sun H, Goshvadi K, Nova A, et al. Revisiting sampling for combinatorial

optimization[C]//International Conference on Machine Learning. PMLR; 2023: 32859-32874.
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ETFRAMRES IRBEQUBOMIE A

E TR A KEQUBOHIRE F I 7534

WM&kqy(x, B) I p(x, B)BFEA K HECIRR :

o NAIHGE L R % ?
HENRFIF—NERHNEERNDH ZEESHHRERBEZKLEE

. B
Dics oo Dt ) = [ ot 5)1og 2 %Nzlo Ao

Hep X, ~p(z,8), BERBLNMNELBHZRERRE, REp(z, 5)HIEER.

o MRy (2, 8)?
XX T A EIRIEE,
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ETFRAMRES IRBEQUBOMIE A

R R 2

Inverse KL BUE

Dis(ao(e At 5) 2 [ e, 5)10g o

=L/quJ%Uog%Cmﬁ)+ﬂf@ﬂ+40g2ﬁh
— B(F,(6.5) — F)

F,(0,8) = 5/% )(log go(, B) + B(), F:fg%z
AR B
wmin Dicr (ap . B)lp(. 5) & min Fy(0, 3).

21/33



ETFRAMRES IRBEQUBOMIE A

ST

BiRqy (v, B)HI—NF BT 3E 2 B F 17 (Mean-Field Approximation):
= H q@(xia 6)

Hepoy, RSHEEE2NEANTE, MMM go(xi, 5)BIT .

XERT AR E R, WLUEMERID p(z, 5).

8Shen Z S, Pan F, Wang VY, et al. Free-energy machine for combinatorial optimization[J].
Nature Computational Science, 2025: 1-11.
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ETFRAMRES IRBEQUBOMIE A

B B340

BEY3EE4E (Autoregressive Modelling) 773%:

a0(z, ) = [[ a0 (il 1, ..o wi15 B)

EAREEHERE (policy gradient) FFi&1IZk

ﬁvﬁFq(Qvﬁ) = Emmqg(ac,ﬁ) (v log qg(x,ﬁ)(log QG(xaﬁ) + Bf(m)))

RMERGE—BERHBILNDE 21,20, .. BifER, BREFEUETE,

9Sanokowski S, Berghammer W, Hochreiter S, et al. Variational annealing on graphs for
combinatorial optimization[J]. Advances in Neural Information Processing Systems, 2023, 36:

63907-63930.
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ETFRAMRES IRBEQUBOMIE A

AR B E AR 10

KXTKLEE, —TEXHYURE:
D1 (go(2)|lp(x)) < Dir (q0(w, 2)||p(x, 2))

Heh
q9(z,2) = qo(z | 2)q(2), p(z,2) =p(*|2)9(2)

FATA BT AL BRBEMD 1, (g6(2) [p()

FEAE R h IR A FE AT AT B B2, X B &R IATA BUERI k2
aqy(x, 2)

10Sanokowski S, Hochreiter S, Lehner S. A diffusion model framework for unsupervised neural
combinatorial optimization[C]//Proceedings of the 41st International Conference on Machine

Learning. 2024: 43346-43367.
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ETFRAMRES IRBEQUBOMIE A

Denoising Diffusion Probabilistic Models, DDPM?!

Forward/Diffusion Process

€g (xtl t)

" Denoising diffusion probabilistic models. Advances in Neural Information Processing
Systems, 33, 2020
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ETFRAMRES IRBEQUBOMIE A

Forward Diffusion Process

q(@e|mi—1) = N(24; Varzi—1, (1 — ar)I)
xt = y/agxi—1 + /(1 — ar)ei—1, where €1 ~ N(0,I).

o tETMERITEE

a1
EHRg(x|xo)

q(me|wo) = N (@45 Vauxo, (1 — a)I),
Hb @ = HZ:I a;. Bl x¢ = Varxo + /1 — azeo.

REMB T B g (x| o IEF AT o E o, H—Nt, AUERESE |,
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ETFRAMRES IRBEQUBOMIE A

Proof

Xt = VoarXe—1 + V1 — €1
= Vai(Var—1xi—2 + /1 —ai—1€-2) + V1 — arer—1
= aror—1Xi—2 + o/ 1 — ai—1€—2 + V1 — €1 .

w1

T e o e, BRIVEBHN, wiRIEANES, RAITETENEE
Efwiwi] = [(Vary/T— 1) + (vVI— )L

= [Ott(l — Oét71) +1- Oét}I = [1 — oztatfl]l.

ERICSe;
Xt = Joror—1X¢—2 + /1 — roe—1€1—2

= /ooy 10i—2Xe—3+ /1 —arar_104 2643
t t
=... = IloziXO—l— 1—||O¢1‘60.
=1 i=1
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ETFRAMRES IRBEQUBOMIE A

Reverse Denoising Process

HEMHBERA— LM ERETTE, B
pB(Xt—l‘xt) ~ Q(Xt—ﬂxt)

B Markov|4,

q(xe—1]%¢)q(x¢) condition,on xo
q(xi-1)

q(x¢—1|x¢, X0)q(x¢|X0)
q(x¢—1x0)

q(Xelxi-1) = q(x¢|xt-1,%0) =

ERUHEMERL R U R

Po(Xi—1]xt) = q(x¢—1]%¢,X0)

2L uo C. Understanding diffusion models: A unified perspective[J]. arXiv preprint
arXiv:2208.11970, 2022.
13Chan S H. Tutorial on Diffusion Models for Imaging and Vision[J]. arXiv preprint
arXiv:2403.18103, 2024.
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ETFRAMRES IRBEQUBOMIE A

Reverse Denoising Process

Rl 2
%ﬁ:ﬁ'#ﬁQ(Xt—ﬂXt,Xo)yg—‘/l\_l%—gﬁﬁ'#ﬁ ./\/(xt_l; Nq(xt,xo), Eq(t)), Hrh
Hq(Xt,%0) = s 7151_22@& + d _1061)\&/?15771&)
=,(t) = (1- at:)l(i;t\/ﬁ)l

q(@e|zi—1, T0)q(x1—1]|20)
q(z¢|xo)
_ N(@ii yaimia, (1 - a)DA (@0 s; i, (1 - a_)T)
N (x5 /@ o, (1 — ax)I)
x exp {_ |:(33t - \/OTtmt—l)2 + (th—l - \/@t—1$0)2 (wt - \/O_Ttmo)2] }

q(xi—1|Tt, T0) =

2(1—Oét) 2(1—0_6t_]_) 2(1_0_515)
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ETFRAMRES IRBEQUBOMIE A

Reverse Denoising Process

EEE, REMMRschedule, X,(t)REBHM, FIARNRASEZESHLIERS, B
pe(mt—1|$t) = N(ivt—l% Ho> Eq(t))
AN SR Z BNKLEEYTTILA BT E:

1
Dice{atan-sfee,20) | poteealen) = s [0 — ]

EEE
1—a1)y/a 1-— V-
By (e, o) = ( 1 : %) Lay + ( lat)aat Lzo
— oy — oy
_ (1 —au—1)y/a o, 4+ (1 = ag)Var—1 @ — V1 - aueo
11—y 1—a; Vai

1—Oét

1
= —xTt — —F———¢€
£/ Ot ¢ \/1 75!“/0& 0

“Drr(p()llq(z)) £ [ p(z)

(=)
)d

30/33



ETFRAMRES IRBEQUBOMIE A

Denoising Diffusion Probabilistic Models

1 1— oy

xr ,t = —Tt — —FV/———
H/G( ¢ ) /Ot K \/176575‘/6“

€g(x,t)

BMNEZIHBFRE LR — Denoiser eg(w:,t)o

Algorithm 1 Training Algorithm 2 Sampling

1: repeat I8 xp NN(O, I)

2 xnmq(xo) 2: fort="1T,...,1do

i- t~ [J{/{l(l(f]‘)‘i’;l({l’ T 3 z~N(0I)ift >1,elsez=0

D e~ , —ay
5: Take gradient descent step on 4 Xe-1= \/% (x‘ - Jﬁeﬂ(xfat)) +otz
Vo ||e — es(y/@rxo +‘/1_6’t51t)H2 5: end for
6: until converged 6: return xo
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ETFRAMRES IRBEQUBOMIE A
AR B 2 AR

Forward Process p(XO:T) PB(XO)
X1 p(Xr|Xro1) X1/2 p(Xi|Xo)  Xo
suclations: 12 - A - e
AR
; P N .
9(Xr-1|X7)
q(XT) Reverse Process
T
Drz(go(Xo:r)[p(Xo:r)) = = D By mag(x0) (g0 (Xem1| X0))]
t=1
T

t=1

- ZEXT:t—lNQH(XT:t—l) [log p(X¢|X¢—1)]
HAS(X) £ — [p(z) log p(x)de R ERNS.

+ /B]EXT:ONQB(XT:O) [f(XO)] +C,

m]

=

D¢
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